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IRREDUCIBLE EUCLIDEAN REPRESENTATIONS OF
FIBONACCI GROUPS
RAFA L LUTOWSKI
Abstract. We show that every Hantzsche-Wendt group is an epimorphic im-
age of a certain Fibonacci group.
1. Introduction
Let n ∈ N. A group Γ is called an n-dimensional crystallographic if it is a
discrete and cocompact subgroup of E(n) = O(n) ⋉ Rn – the group of isometries
of the n-dimensional euclidean space. By the Bieberbach theorems (see [1],[2], [10,
Theorem 2.1]) Γ fits into the following short exact sequence
(1) 0 −→ Zn −→ Γ −→ G −→ 1,
where G ⊂ GL(n,Z) is a finite group, so called holonomy group of Γ and Zn is a
faithful G-module, with the action defined by the left matrix multiplication.
A torsionfree crystallographic group Γ ⊂ E(n) is called a Bieberbach group.
In this case the orbit space X = Rn/Γ is a flat manifold – a closed connected
Riemannian manifold with constant sectional curvature equal to zero. Moreover
Γ ∼= pi1(X).
A Bieberbach group Γ, defined by the short exact sequence (1), is a Hantzsche-
Wendt group if G ⊂ SL(n,Z) and G ∼= Cn−12 , where C2 is a cyclic group of order 2,
i.e. G is an elementary abelian 2-group of rank n−1. An underlying manifold Rn/Γ
is called aHantzsche-Wendt manifold. Hantzsche-Wendt groups and manifolds exist
only in odd dimensions greater or equal than 3 (see [5, page 2]). In dimension 3 there
is only one Hantzsche-Wendt manifold, which is the only 3-dimensional orientable
flat manifold. The non-extensive list of results concerning Hantzsche-Wendt groups
and manifolds contains
• homological description of Hantzsche-Wendt manifolds – all of them are
rational homology spheres (see [8]);
• the form of the holonomy group – we can always find a HW-group, iso-
morphic to the given one, such that its holonomy group contains diagonal
matrices only (see [7]);
• abelianization – starting from dimension 5 the abelianization of a HW-group
is isomorphic to its holonomy group (see [6]).
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Let r, n ∈ N. A Fibonacci group F (r, n) is a group with the presentation
F (r, n) = 〈a0, a1, . . . , an−1| a0a1 . . . ar−1 = ar,
a1a2 . . . ar = ar+1,
...
an−1a0 . . . ar−2 = ar−1〉.
The following facts illustrate a connection between Fibonacci groups and geometry:
• F (2, 6) is isomorphic to the 3-dimensional Hantzsche-Wendt group;
• for n ≥ 4 there exists a closed hyperbolic manifold with fundamental group
isomorphic to F (2, 2n) (see [3]);
• for odd n the Fibonacci group F (2, n) cannot be a fundamental group of
any hyperbolic 3-orbifold of finite volume (see [4]).
In the paper [9] a connection between Fibonacci and Hantzsche-Wendt groups
is presented. Namely, for every odd n ≥ 3 there exists HW-group of dimension n
which is an epimorphic image of the Fibonacci group F (n− 1, 2n). In the review of
the paper Juan Pablo Rossetti points out that there may exist epimorphisms onto
other HW-groups as well. In our paper we prove that in fact every n-dimensional
HW-group is an image of the group F (n − 1, 2n), i.e. all HW-groups of the same
dimension share the same non-trivial relations.
In Section 2 we present a way to decompose euclidean representations, which in
general are not linear. We use this procedure to decompose (the identity map on)
every Hantzsche-Wendt group. In the following section we show a construction of an
epimorphism of the group F (n−1, 2n) to a certain one dimensional crystallographic
group, for every odd n ≥ 3. We use this construction to prove our main theorem
in Section 4.
2. Decompositions of euclidean representations
Definition 1. An euclidean representation of a group G is a homomorphism
ϕ : G→ E(n).
Example 1 ([9, Theorem 1]). Let n ≥ 3 be an odd integer. Let Γn be a HW-group
generated by the elements (Bi, bi) ∈ E(n), where
Bi = diag(−1, . . . ,−1︸ ︷︷ ︸
i−1
, 1,−1, . . . ,−1)
and
bi =
1
2
(ei + ei+1)
for i = 1, . . . , n − 1 and e1, . . . , en being the standard basis’ vectors. Then there
exists an epimorphism
Φn : F (n− 1, 2n)→ Γn ⊂ E(n).
Remark 1. If V = V1 ⊕ V2 is a direct sum decomposition of a vector space V and
fi : Vi → Vi are maps of vector spaces, for i = 1, 2, then f1 ⊕ f2 : V → V is a map
defined by the following formula
∀v1∈V2∀v2∈V2 (f1 ⊕ f2)(v1 + v2) = f1(v1) + f2(v2).
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In addition if we have representations ϕ(i) : G→ Iso(Vi) of a group G to the groups
of isometries of spaces Vi, for i = 1, 2, we can say about direct sum of those
representations:
∀g∈G∀v1∈V2∀v2∈V2(ϕ
(1) ⊕ ϕ(2))g(v1 + v2) = ϕ
(1)
g (v1) + ϕ
(2)
g (v2).
The above decomposition will be useful for our purposes, but we have to remem-
ber that euclidean representations are not linear in general. The following example
shows that in our case even irreducible representations can be decomposed in the
spirit given above.
Example 2. Let ϕ1, ϕ2 : Z ⊕ Z→ E(1) = O(1)⋉ R be one dimensional euclidean
representations, given by
ϕ1(1, 0) = (1, 1), ϕ1(0, 1) = (1, 0),
ϕ2(1, 0) = (1, 0), ϕ2(0, 1) = (1, 1).
Then the direct sum of the two representations
ϕ1 ⊕ ϕ2 : Z⊕ Z→ E(2) = O(2)⋉R
2
is defined as follows
(ϕ1 ⊕ ϕ2)(1, 0) =
([
1 0
0 1
]
,
[
1
0
])
and (ϕ1 ⊕ ϕ2)(0, 1) =
([
1 0
0 1
]
,
[
0
1
])
.
It is obvious that the representation ϕ1 ⊕ ϕ2 does not have any proper invariant
subspace – it is irreducible.
The following proposition is in fact a recipe for decomposing euclidean represen-
tations. Let n ∈ N and let r : E(n)→ O(n) be the rotational homomorphism:
∀(B,b)∈E(n) r(B, b) = B.
Let ϕ : Γ → E(n) be an euclidean representation of a group Γ. We get a linear
representation rϕ : Γ→ O(n). Let
(2) Rn = V1 ⊕ . . .⊕ Vk
be a decomposition of rϕ with corresponding projections pi : R
n → Vi for i =
1, . . . , k.
Proposition 1. We have
ϕ = ϕ(1) ⊕ . . .⊕ ϕ(k).
In the above formula ϕ(i) : Γ→ Iso(Vi) is given by
∀v∈Viϕ
(i)
g (v) = (B, pi(b))v = Bv + pi(b),
where g ∈ Γ, ϕg = (B, b) ∈ E(n) and 1 ≤ i ≤ k.
Remark 2. Note that rϕ is a unitary linear representation and hence the decom-
position (2) can be made in such a way that the constituents are irreducible.
Our goal is to decompose every HW-group in the above fashion. We begin with
a description of a form of any HW-group.
Theorem 2 ([7, Theorem 3.1]). Let Γ be an n-dimensional HW-group. Then
Γ ∼= 〈(Bi, bi) ∈ E(n)| 1 ≤ i < n〉 ⊂ E(n),
where Bi are the matrices given in Example 1 and bi ∈
1
2Z
n for 1 ≤ i < n.
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Remark 3. The group 〈(Bi, bi) ∈ E(n)| 1 ≤ i < n〉 is crystallographic and hence it
is a Hantzsche-Wendt group. From now on we will assume that every HW-group is
in the above form.
Corollary 1. Let n ∈ N be odd. Let Γ be an n-dimensional HW-group. Then the
identity map on Γ admits the decomposition
idΓ = ϕ
(1) ⊕ . . .⊕ ϕ(n).
For every 1 ≤ i ≤ n the homomorphism ϕ(i) : Γ→ E(1) is given by
ϕ(i)(C, c) = (Ci, ci),
where
(C, c) =




C1
. . .
Cn

 ,


c1
...
cn



 ∈ Γ.
3. One dimensional representations of the Fibonacci groups
This section is devoted to the construction of epimorphisms of the Fibonacci
group F (n− 1, 2n) onto a subgroup of E(1) of a certain type.
Theorem 3. Let n ≥ 3 be an odd integer. Let d0, . . . , dn−2 ∈ R and let Γ be a one
dimensional crystallographic group generated by the elements
(3) D0 = (1, d0), D1 = (−1, d1), . . . , Dn−2 = (−1, dn−2).
Then there exists an epimorphism
Φ: F (n− 1, 2n)→ Γ,
such that Φ(ai) = Di for i = 0, . . . , n− 2.
Proof. If the map Φ is a group homomorphism then obviously it is an epimorphism.
It is enough for us to show that the recursively defined sequence (Di)
(4) ∀i≥0Di+n−1 = Di · . . . ·Di+n−2,
where the elements D0, . . . , Dn−2 are defined in (3), is periodic with period 2n.
Equivalently it is enough to prove that
D0 = D2n, . . . , Dn−2 = D3n−2.
Note that for every i > 0 we have the following formula
(5) Di+n−1 = Di · . . . ·Di+n−2 = D
−1
i−1Di−1Di . . . Di+n−3Di+n−2 = D
−1
i−1D
2
i+n−2.
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We get:
Dn−1 = D0 . . . Dn−2 = (−1, d0 + d1 − d2 + . . .+ dn−2) = (−1, dn−1)
Dn = D
−1
0 D
2
n−1 = (1, d0)
−1(−1, dn−1)
2 = (1,−d0)
Dn+1 = D
−1
1 D
2
n = (−1, d1)
−1(1,−d0)
2 = (−1, d1 − 2d0)
Dn+2 = D
−1
2 D
2
n+1 = (−1, d2)
−1(−1, d1 − 2d0)
2 = (−1, d2) = D2
Dn+3 = D
−1
3 D
2
n+2 = (−1, d3)
−1(−1, d2)
2 = (−1, d3) = D3
...
Dn+k = D
−1
k D
2
n+k−1 = (−1, dk)
−1(−1, dk−1)
2 = (−1, dk) = Dk
...
D2n = D
−1
n D
2
2n−1 = (1,−d0)
−1(−1, dn−1)
2 = (1, d0) = D0
D2n+1 = D
−1
n+1D
2
2n = (−1, d1 − 2d0)
−1(1, d0)
2 = (−1, d1) = D1
D2n+2 = D
−1
n+2D
2
2n+1 = D
−1
2 D
2
1 = D2
...
D2n+k = D
−1
n+kD
2
2n+k−1 = D
−1
k D
2
k−1 = Dk
In the above calculations 3 ≤ k ≤ n− 1, hence the claim follows. 
Corollary 2. Let n ≥ 3 be an odd integer. Let Γ ⊂ E(1) be a one dimensional
crystallographic group generated by the elements
(6)
D0 = (−1, d0), . . . , Dk−1 = (−1, dk−1),
Dk = (1, dk),
Dk+1 = (−1, dk+1), . . . , Dn−2 = (−1, dn−2),
where 0 ≤ k ≤ n− 1. Then there exists an epimorphism Φ: F (n− 1, 2n)→ Γ such
that Φ(ai) = Di for i = 0, . . . , n− 2.
Proof. Let (Di) be a sequence of elements of Γ defined recursively as in (4). By
Theorem 3 there exists an epimorphism Φ′ : F (n− 1, 2n)→ Γ such that
∀0≤i<2nΦ
′(ai) = Dk+i.
Now let σ ∈ Aut(F (n− 1, 2n)) be the automorphism sending ai to ai−1 (subscripts
are taken modulo 2n). Let Φ = Φ′σk. We get
∀0≤i<2nΦ(ak+i) = Φ
′σ(ak+i) = Φ
′(ai) = Dk+i.
Similarly as in (5) we have the following relations in F (n− 1, 2n):
∀0≤i<2naiai+n = a
2
i+n−1.
Using equation (5) again we have
∀0≤i<kΦ(ai) = Φ(a
2
i+n−1a
−1
i+n) = D
2
i+n−1D
−1
i+n = Di.
Summing up we get a homomorphism Φ: F (n− 1, 2n)→ Γ with the property
∀0≤i≤n−2Φ(ai) = Di.

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4. The theorem
In the following section we shall prove the main theorem of the article:
Theorem 4. Let n ≥ 3 be an odd integer. Let Γ ⊂ E(n) be a HW-group of
dimension n. Then there exists an epimorphism
Φ: F (n− 1, 2n)→ Γ.
Proof. By Theorem 2 we can assume that
Γ = 〈(Bi, bi)| 0 ≤ i ≤ n− 2〉,
where
Bi = diag(−1, . . . ,−1︸ ︷︷ ︸
i
, 1,−1, . . . ,−1)
and bi ∈
1
2Z
n for i = 0, . . . , n− 2. Let
idΓ = ϕ
(1) ⊕ . . .⊕ ϕ(n)
be the decomposition of the identity map on Γ as in Corollary 1. For every 0 ≤ k ≤
n − 1 the group ϕ(k+1)(Γ) is a one dimensional crystallographic group, generated
by the elements of the form (6). By Corollary 2 for every 1 ≤ k ≤ n we get an
epimorphism Φk : F (n− 1, 2n)→ ϕ
(k)(Γ) such that
∀0≤i≤n−2Φk(ai) = ϕ
(k)(Bi, bi).
It is easy to see that
Φ = Φ1 ⊕ . . .⊕ Φn
is the desired homomorphism and the claim follows. 
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